Abstract: A simple, accurate, and unified formulation for the free vibration analysis of functionally graded (FG) plates is introduced. New four-variable first-order and higher-order shear deformation theories together with the classical FG plate theory can be easily achieved. The only assumption is that the transverse displacement consists of bending and shear components, and hence the theory has the potential to be used for modeling of the nonlinear FG plate problems. To validate the proposed formulation, the free vibration analysis of FG plates on two-parameter elastic foundation is conducted. The material properties vary continuously through the plate thickness. Analytical solutions for simply supported and approximate solutions for FG plates with arbitrary boundary conditions are extracted by extending the application of the conventional differential quadrature method as an accurate and efficient numerical tool. Comparison studies with existing two-and three-dimensional results available in open literature are performed. Excellent agreement between the results of the present formulation and the other theories is observed.
Introduction
Because of their superior thermomechanical properties, functionally graded materials (FGMs) have received wide applications as structural components in modern industries such as mechanical, aerospace, nuclear, reactors, and civil engineering in recent years [1] . Hence, significant efforts have been devoted to study the mechanical behaviors of structural elements made of these materials such as beams, plates, and shells. Also, it is well known that the vibration characteristic of plates made of FGMs is of great interest for better applications, engineering design, and manufacture.
Even if there are different two-dimensional theories for the free vibration analysis of functionally graded (FG) plates such as the classical plate theory (CPT) [2, 3] , the first-order shear deformation theory (FSDT) [4] [5] [6] [7] [8] [9] [10] [11] , and the higher-order shear deformation theory (HSDT) [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , however, simple and accurate theories with low computational calculations can be still useful for both practical applications and theoretical studies on the free vibration of FG plates.
Because the transverse shear deformation effects are neglected in the CPT, it provides reasonable results for thin plates. For moderately thick plates, it underestimates deflection and overestimates buckling load as well as natural frequency [2, 3] . To overcome the deficiency of the CPT, many shear deformation theories have been used for the free vibration analysis of FG rectangular plates [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . The basic idea of these theories is based on the explanation of the in-plane and out-of-plane (transverse) displacement components in terms of known functions of the material coordinate in the plate thickness direction with unknown coefficients. The unknown coefficients are only functions of the in-plane material coordinate variables, and hence, the three-dimensional elasticity theory reduces to a two-dimensional theory one. In most of these theories, the polynomial series expansion is used [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . However, other functions such as hyperbolic functions [25, 26] or trigonometric functions [27] have been used by some researchers.
The simplest theory based on the polynomial series expansion is the FSDT. On the basis of this theory, only the linear terms in the series expansion of the in-plane displacement components are considered, and the transverse displacement is assumed to be constant through the thickness. According to these assumptions, the transverse shear stresses become constant through the thickness, but this assumption violates the shear stress-free surface conditions. Hence, shear correction factors are used to compensate for the difference between the actual stress state and the constant stress state [4] [5] [6] [7] [8] [9] [10] [11] . To avoid the use of shear correction factor, usually, the higher-order terms in the series expansions are considered [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Depending on the numbers of terms in the in-plane displacement components expansion, whether the transverse displacement is assumed to be constant, whether stress-free boundary conditions are satisfied (constraint theory) or not (unconstraint theory), and whether additional assumptions are used to obtain the unknown coefficients, different HSDTs have been developed [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Reddy's third-order shear deformation theory [31] , which has been initially developed for laminated composite plates, has been used by some researchers to study the free vibration of the FG rectangular plates [12] [13] [14] [15] . On the basis of this theory, the stress-free conditions on the top and bottom surface of the plate are satisfied by the displacement components (constraint theory).
Some others used unconstraint shear deformation theories. Roque et al. [16] and Shahrjerdi [17] developed unconstraint third-and second-order shear deformation theories for the free vibration analysis of FG plates, respectively. In both theories, constant transverse displacement was assumed.
To reduce the number of unknown variables, Benachour et al. [18] and Mechab et al. [19] extended the two-variable third-order shear deformation theory of Shimpi [32] to develop the four-variable third-order shear deformation theories for the free vibration of FG plates. The work of Malekzadeh et al. [33] differs from the others for its functions adopted in the in-plane displacement explanation.
Usually, the thickness stretching of the FG plates has been disregarded by neglecting the variation of the transverse displacement component along the thickness direction [12] [13] [14] [15] [16] [17] [18] [19] 25] . However, in some studies, the polynomial series expansion has been used for this displacement component in the thickness direction [20-24, 26, 27] . Qian et al. [20, 21] applied a higher-order shear and normal deformable plate theory to analyze the static, free, and forced vibrations of a thick rectangular FG plates. On the basis of this theory, the three components of displacement were expanded in terms of Legendre polynomials in the thickness direction. Matsunaga [22] presented a two-dimensional higher-order deformation theory for the free vibration and stability analysis of FG plates. The in-plane and the transverse displacement components were expressed as polynomial power series of the thickness coordinate variable. Fares et al. [23] developed a twodimensional theory account for the displacements field in which the in-plane displacements vary linearly through the plate thickness, whereas the out-of-plane displacement was a quadratic function of the thickness coordinate variable. Talha and Singh [24] proposed a third-order shear deformation theory, which included the quadratic variation of the transverse displacement through the plate thickness to study the free vibration of FG rectangular plates.
In the previously reviewed studies, the in-plane displacement components have been expanded in terms of the polynomial functions of the thickness coordinate variable. Ait Atmane [25] used the hyperbolic functions to represent through the thickness variation of the in-plane displacement components and implement the stress-free boundary conditions on the top and the bottom of the FG plates. Neves et al. [26, 27] presented sinusoidal and hyperbolic shear deformation theories for the static and free vibration analysis of FG plates by assuming sinusoidal and hyperbolic type variations across the thickness coordinate for the in-plane displacement components, respectively. In both theories, a quadratic variation was considered for the transverse displacement component in the thickness direction.
The aim of this work is to represent a simple, accurate, and unified formulation for the free vibration analysis of FG plates. New four-variable first-and third-order shear deformation theories, as against five variables in the case of the conventional form of these theories, and also CPT are easily achieved. This theory is free of the assumption of zero in-plane resultant forces used in developing the other four-variable shear deformation theories [18, 19, 34] and hence has the potential to be used for modeling of the nonlinear FG plate problems. In addition, despite the other four-variable theories [18, 19, 34] , only the transverse displacement is assumed to consist of bending and shear components. As a result, some new functions are created for the in-plane displacement component explanation. The in-plane displacements cause the parabolic variations of shear strains through the thickness in such a way that the transverse shear stresses vanish on the top and bottom plate surfaces. The theory takes into account the quadratic variation of the transverse shear strains through the thickness of the plate, and hence, it does not require the use of shear correction factors. The equations of motion and the related boundary conditions for the FG plates on two-parameter elastic foundation are derived using Hamilton's principle. Exact solutions for the simply supported FG plates are extracted. In addition, by extending the application of differential quadrature method (DQM) as an accurate and computationally efficient numerical method [9, [33] [34] [35] [36] [37] [38] , approximate solutions for the FG plates with arbitrary boundary conditions are developed. Comparison studies with the other available two-and three-dimensional solutions in the open literature are performed, and excellent agreement is observed.
Theoretical formulation
Consider an FG rectangular plate of length L x = a, width L y = b, and thickness h, which is supported on a twoparameter elastic foundation as shown in Figure 1 . A Cartesian coordinate system (x, y, z) is used to label the material points of the plates in the undeformed reference configuration. The in-plane displacement components u̅ (in the x-direction) and v̅ (in the y-direction) and the transverse displacement component w̅ (in the z-direction) can be approximated as 2  3  1  2  3 ( , , , ) ( , , ) , u x y z t u x y t z z z In this study, as a first assumption, the functions due to the linear variation of the in-plane displacement components are approximated as This assumption together with the zero shear stress components on the top and bottom surface of the FG plate can easily reduce the theory to the CPT one. For an isotropic FG plate, the last aforementioned assumption gives 0,
where γ iz (with i = x, y) are the transverse shear strain components. On the basis of the linear elasticity theory, Equations (1), (2) , and (3) yield
where 2 4 . 3h α = Using Equations (1), (2), and (4), the nonzero linear strain tensor components in terms of displacement components become
where ε ii (with i = x, y) and γ xy are the in-plane normal and shear strain tensor components, respectively. It is interesting to note that if one insert α = 0 in the strain tensor components, the theory reduces to a new first-order shear deformation theory (NFSDT), which has four degrees of freedom instead of five degrees of freedom of the conventional FSDT. The strain components of this new FSDT become 
.
In addition, if the shear component of the transverse displacement is neglected, then the theory reduces to the CPT one, which has the following nonzero strain components:
According to the linear elasticity theory and the present HSDT, the relation between the nonzero stress tensor components and the displacement components can be written as (1 )
where E, , 2(1 )
and v are Young's modulus, shear rigidity, and Poisson's ratio of the FG plate, respectively.
Also, the material properties of the plate are assumed to vary continuously through the thickness of the plate. In this study, an arbitrary material property P of the FG plate is obtained by using the power law distribution as
where the subscripts c and m refer to the ceramic and metal constituents, respectively; p is the material property graded index or the power law index; and f 2 2
The equations of motion and the related boundary conditions can be derived in a systematic manner using Hamilton's principle, which for the free vibration analysis takes the following form:
where δK and δU are the variation of the kinetic energy and strain energy, respectively, and t 1 and t 2 are two arbitrary times.
The variation of strain energy of the FG plate can be stated as 
where
is the spring or Winkler parameter of the elastic foundation and k s (N/m) is the shear or Pasternak parameter of the elastic foundation, which are shown in Figure 1 [46] [47] [48] . Also, the variation of kinetic energy is obtained as 3 3
Substituting Equations (11) and (12) into Equation (10) and performing the integration by parts, the equations of motion and the related boundary conditions of the proposed plate theory are obtained as follows:
δu:
δv:
In-plane boundary conditions: Either u n = n x u + n y v is prescribed or 2 2 0.
Out-of-plane boundary conditions: Either w b is prescribed or 
Either s w n ∂ ∂ is prescribed or 2 2 0, nn x xx x y xy y yy P n P n n P n P
are the stress resultants, and I i (i = 0, 1, …, 4, 6) is the mass inertia, which has the following definitions:
where ρ is the mass density of the FG plate. Substituting for the stress tensor components in terms of the displacement components from Equation (8) 
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Different types of classical boundary conditions at the edges of the plate can be obtained by combining the conditions stated in Equations (17) (18) (19) (20) (21) (22) . Two types of boundary conditions that are considered in this study are as follows:
Simply support (S):
Using Equations (8) and (23), the equations of motion [Equations (13) (14) (15) (16) ] in terms of the displacement components take the following forms, respectively: Equation (13):   2  2  3  3  3  3   2  3  2  3  2   2  2  3  3   2  2 
Equation (14): 
Equation (15) 
Equation (16) 
In a similar manner, the natural boundary conditions can be expressed in terms of the displacement components.
3 Solution procedure
Analytical solution for the simply supported FG plates
For the simply supported FG plates, the displacement components can be represented in the following forms, which automatically satisfy the related conditions at the edges of the FG plates: W are the amplitudes of the displacement components; and ω mn is the natural frequency.
Inserting for the displacement components from Equation (32) 
where 
For the given values of the wave numbers m and n, the related natural frequencies are easily obtained from the system of algebraic eigenvalue equations [Equation (33)].
Approximate solution for the FG plates with arbitrary boundary conditions
Because it is difficult to obtain the analytical solution for the free vibration analysis of FG plates with arbitrary boundary conditions, the approximate methods should be used to solve the problem. On the other hand, the DQM is an efficient and accurate numerical approach in comparison with the weighted residual methods such as the finite element (FE) method [9, [33] [34] [35] [36] [37] [38] . The weak form of the governing equations is solved in using the FE method, whereas the DQM discretizes the strong form of the governing equations. Furthermore, vice versa, the DQM exactly satisfies all types of boundary conditions. Also, the advantage of the DQM over the other meshless methods is its simplicity and low computational efforts [9, 33-38, 49, 50] . The basic idea of the DQM is that the derivatives of a function, with respect to a space variable at a given sampling point, are approximated as a weighted linear sum of the sampling points in the domain of that variable. In this method, at a given grid point (x i , y j ), the first-and the second-order derivatives of a function can be approximated as the first-and second-order derivatives of the η-direction (η = x or y), respectively; and N η is the number of grid points along the η-direction (η = x or y). To determine the weighting coefficients, a set of test functions should be used in Equation (35) . For the polynomial basis functions DQM, a set of Lagrange polynomials are used as the test functions. The weighting coefficients for the first-and the second-order derivatives along the η-direction are determined as follows [33, 34, 38] :
and , 1, 2 ,
and L η is the nanoplate length along the η-direction (η = x or y). The weighting coefficients of the second-order derivative can be obtained as
It is shown that among the different rules for the grid generation, the Chebyshev-Gauss-Lobatto quadrature points give more accurate results [9, [33] [34] [35] [36] [37] [38] . Hence, in this study, this type of grid generation rule is used. One of the drawbacks of the conventional DQM is that the boundary condition imposition of the higher-order differential equations (order ≥ 3), which have multiple boundary conditions at a boundary grid points for a field variable, cannot be done in a straightforward manner. A special treatment is necessary to implement the multiple boundary conditions [34, 35] . To overcome this shortcoming, different methodologies have been suggested [34, 35] . In this work, the proposed approach by Karami and Malekzadeh [34] is further extended to implement the boundary conditions exactly at the boundary grid points. On the basis of this approach, the only degrees of freedom within the domain are the in-plane and transverse displacement components (u, v, w b , w s ); however, along the boundaries, these displacement components as well as the second-order derivatives of the transverse displacement components (w b , w s ) with respect to the associated normal coordinate variable to that boundary [34] are chosen as the degrees of freedom. Hence, along the edges x = 0 and a, the degrees of freedom become 
Equation ( 
Equation (30): 
Equation (31): It can be seen that these boundary conditions can easily and directly be implemented into the discretized form of the equations of motion [Equations (38-41)]. Using the harmonic nature of the temporal variation of the displacement components in free vibration motion, subsequently, one obtains a system of eigenvalue equations from which the FG plate natural frequencies and the related mode shapes are obtained [9, 33, 34, 38] .
Numerical results
In this section, first, the accuracy of the presented formulation for the free vibration of the FG plates is demonstrated by comparing the analytical solution with those of other available results in the open literature. In addition, the convergence behavior and accuracy of the numerical solution (DQM) is investigated. The constituent material properties of FG plates are given in Table 1 . The boundary conditions of the plate are specified by the letter symbols; for example, C-S-C-S indicates that the edges x = 0 and y = 0 are clamped and the edges x = a and y = b are simply supported, respectively. Also, the following nondimensional parameters are used in this section, There are some research studies that cover the free vibration of the FG plates, and they have interesting examples for comparison, such as those of Zhu and Liew [11] , Baferani et al. [15] , Reddy [51] , Bian et al. [52] , Lü et al. [53] , and Thai and Choi [54] . Studies more relevant to the present work are chosen for comparison. As a first example, in Tables 2 and 3 , the nondimensional fundamental natural frequency parameters of the rectangular simply supported FG plates with and without elastic foundation are compared with those of the higher-order theory of Baferani et al. [15] . Again, as another example, in Tables 4 and 5 , a comparison between the nondimensional fundamental natural frequency parameter results of presented method and those obtained by Thai and Choi [54] are prepared for the rectangular simply supported FG plates with and without elastic foundation. The 120 P. Malekzadeh and M. Shojaee: Unified formulation for the free vibration of FG plates comparison studies in Tables 2-5 are performed for the different values of the material property graded index "p" and the three different values of the length-to-thickness (a/h) ratio. The results of both new first-order shear deformation theory (NFSDT) and new higher-order shear deformation theory (NHSDT) are presented in these tables. A shear correction factor of 5/6 is used for the NFSDT. It can be seen that in all cases, the results of the present formulation are almost the same as those obtained by Baferani et al. [15] . The accuracy of the present formulation is further exhibited by comparing the first three frequency parameters of the simply supported moderately thick FG plates obtained using the NFSDT and the NHSDT with those of the conventional FSDT [11] in Table 6 . The results are prepared for the different values of the material property graded index "p", and close agreement between the results of the present theory with those of Zhu and Liew [11] can be observed. It should be mentioned that Zhu and Liew [11] conducted the results based on the conventional FSDT using the local Kriging meshless method. The convergence behavior of the DQM in solving the free vibration equations of the FG plates on elastic foundation based on the present NFSDT and NHSDT is studied in Table 7 . For this purpose, the FG plates with two different set of boundary conditions are analyzed, and their first three frequency parameters are presented in Table 7 . It is evident that using only the few grid points converged, accurate results are obtained, which demonstrate the high computational efficiency of the DQM. Hereafter, a value of N x = N y = N = 19 is used to report the numerical results for the FG plates. In addition, the accuracy of the DQM is demonstrated by showing its ability in predicting the first three nondimensional frequency parameters of the S-C-S-C FG plates in Table 8 . The results are compared with the three-dimensional solution obtained using a semianalytical method by Malekzadeh [33] . The close agreement of the results demonstrates the correctness of the formulation and method of solution.
The accuracy of the present formulation, both NFSDT and NHSDT, is further demonstrated by investigating the free vibration of moderately thick FG plates with and without elastic foundation subjected to some mixed boundary conditions in Tables 9 and 10 , respectively. The results are prepared for different values of the material graded index "p", three different values of the thicknessto-length ratio, and two mixed set of boundary conditions.
Conclusions
A simple, accurate, and unified four-variable formulation for the free vibration analysis of FG plates is introduced.
The transverse shear deformations and rotary inertia effects are included, and the shear correction factors are not necessary for the NHSDT. The only assumption of this formulation, despite the other four-variable theories, is the decomposition of the transverse displacement into bending and shear components. Consequently, some new functions are developed for the in-plane displacement component explanation. This theory is free of the assumption of zero in-plane resultant forces used in developing the other four-variable shear deformation theories and hence has the potential to be used for modeling of the nonlinear FG plate problems. It is shown that new four-variable first-and third-order shear deformation theories, as against five variables in the case of the conventional form of these theories, and also CPT can be easily achieved. The equations of motion and the related boundary conditions for the FG plates on two-parameter elastic foundation are derived using Hamilton's principle. Exact solutions for the simply supported FG plates are extracted. In addition, by extending the application of DQM as an accurate and computationally efficient numerical method, approximate solutions for the FG plates with arbitrary boundary conditions are developed. Comparison studies with the other available twoand three-dimensional solutions in the open literature are performed and excellent agreement is observed. For future studies, extension of this formulation for the nonlinear FG plate problems is suggested.
